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Abstract — Thin density interfaces determine the fluxes of heat or solute through doubly-diffusive convection.

Vertical transports are achieved by either “salt finger” convection or molecular diffusion. The influence of a

third diffusing property upon the type of interface formed at an initial density discontinuity is explored here.

There may be a strong dependence upon molecular diffusivities, and some interfaces are observed to have a
complicated structure.

NOMENCLATURE

C;,  concentration of the ith component
[kgm™°];

AC,, concentration difference between lower and
upper layers [kg m™3];

g acceleration due to gravity [ms~];

h, a vertical length scale;

R, Rayleigh number for the ith component;

R,, Rayleigh number for the fastest-diffusing
component;

R,, ratio of stabilizing to destabilizing contri-
butions to the density step;

R, =R,

t,z, time and vertical space coordinates;

Greek symbols

aAT, dimensionless density step due to
temperature ;

BAS, dimensionless density step due to salt;

B expansion coefficients [m* Kg™!];

Ky, K, molecular diffusion coefficients for heat and
salt [m?s™!];

K,  diffusivity of the ith component [m?s™'];
Ky,  the greatest diffusivity [m?s~!];

v, kinematic viscosity of fluid [m?s~!];

P, Pm, density and mean density of fluid [kgm™3];

T; = k;/Kk,, ratio of diffusivities.

1. INTRODUCTION

DoOUBLE-DIFFUSIVE convection is characterized by well-
mixed convecting layers which are separated by rel-
atively sharp density steps. These steps may be of the
“salt finger” or “diffusive” kind [1] and both types of
interface must enable a net release of potential energy
by preferentially transporting the “destabilizing” prop-
erty, where a “destabilizing” concentration gradient
refers to one which tends to cause the fluid density to
increase with height. “Salt finger” interfaces contain
up- and down-going columns of fluid which most
rapidly transport the property with the smaller molec-
ular diffusivity. “Diffusive” interfaces occur when the
faster-diffusing component is destabilizing and (apart

from some mechanical mixing) transport is simply by
molecular diffusion.

A series of convecting layers and thin density
interfaces can form from an instability of smooth
density gradients [2,3]. However, the laboratory
interfaces are more easily produced by pouring a
homogeneous layer of fluid onto a heavier layer such
that there are opposing concentration steps of two
properties. In this case the subsequent development of
double-diffusive convection is considered to be re-
levant to the situation in the ocean when sharp
concentration gradients are produced by mechanical
stirring or horizontal advection. For two components,
Huppert and Manins [4] have shown that salt fingers
will form and grow to large amplitude at such a density
discontinuity when the condition

aAT ( x,.)'”
< oo < [

BAS Ky
is satisfied. The ratio of diffusivities is xy/k; < 1, and
AT and BAS are the individual component contri-
butions to the density step. The two layers will
overturn if |xAT | < | BAS| (S is destabilizing) while no
convection occurs if the upper limit is not satisfied.
When kg « Ky, very small values of AS may cause
fingers to form.

When a third property with a different diffusivity is
added to the fluid, interesting questions arise about the
nature of the interface. For example, the addition of a
more slowly diffusing property to the bottom layer of a
system that would otherwise have produced a finger
interface could cause a “diffusive” interface to form.
Similarly, addition of the same property to the top
layer of another system may change the resulting
interface from a “diffusive” to a “salt finger” kind. A
knowledge of the type of convection is the first step
toward determining the individual fluxes of several
components through a density interface (see [5]).

The onset of convection in smooth concentration
gradients of three components has already been in-

(1.1)
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vestigated [6]. The relevant results are outlined in
Section 2 and used in Section 3 to determine criteria for
the formation of “salt finger” and “diffusive” interfaces
from initially sharp steps. The approach is similar to
that of Huppert and Manins [4]. Predicted boundaries
are then compared to those conditions at which fingers
are seen in a laboratory tank, and the subsequent
evolution of the interfaces is observed.

2. STABILITY OF SUPERPOSED CONCENTRATION
GRADIENTS
For a layer of fluid with depth h, linear vertical
gradients of three components and “free-free” bound-
ary conditions, the condition for instability to direct
modes becomes

277t
4

YR ' > (2.1)
where R; = gh*$,(0C,/0z)/k v is a Rayleigh number for
the ith component and 7; = x;/x;. When the gradient
of the ith component is destabilizing, R; > 0. The
diffusivities are such that x, > k, > k; and the fluid
density is given by

p= r'm(l + Z B.-C.),

where p,, is 2 mean density, C; are the individual
concentrations and f; are local constants.

If (2.1) is satisfied but the fluid is stably stratified
(dp/dz < 0), then salt finger modes are unstable. Some
oscillatory modes are also unstable when (2.1) is
satisfied and the fastest and slowest diffusing com-
ponents have the same sign. However, the fastest
growing mode will be realized at large amplitude, and
this will be a direct mode under all conditions except-
ing those which are only marginally unstable to
monotonic convection, so that (2.1) still predicts the
appearance of salt fingers to a good approximation.
When (2.1) is not satisfied and dp/dz < 0, it is sufficient
to say that the system is stable to monotonic
convection.

(2.2)

3. LIMITING CONDITIONS FOR SALT FINGERS
AT AN INTERFACE

The formation of a “salt finger” interface requires
firstly, that the diffusion profile at the original con-
centration step be unstable to monotonically growing
perturbations and secondly, that large amplitude
fingers are possible. For initial discontinuities at z = 0
separating two semi-infinite layers of uniform density,
diffusion produces concentration gradients

oC,

2
o=@ 2 ACK! exp(4:t ) 3.1)

The difference in layer properties is AC; = C,, — Cy,
where the subscripts u and [ refer to upper and lower
layers respectively. Thus a destabilizing distribution of
the ith component has AC; > 0.

The gradients (3.1) and the necessary condition (2.1)
for instability to direct modes give the criterion for the
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centre of the interface (z = 0) to be unstable to salt

fingers. It may be written as

277* v(mt)! 2
4  ght

3
Y BACKT 32> . (32
i=1
where h is the length scale appropriate to the Rayleigh
number R;. With t ~ h%*/4k, and the properties of
aqueous solutions given by g ~ 10, v ~ 107%, x, ~
107%,and h > 2 x 1073 in MKS units, the RHS may
be equated to zero whenever BAC; » 10" 2kg m~3.
When temperature is involved, xk, ~ 1077 m? s™!
while h increases as x}’? so that this assumption
remains good. Thus, the criterion
Y BACHk ¥ >0 (3.2)
becomes the generalization of the upper limit in (1.1).
Huppert and Manins have also shown that (1.1) is the
necessary and sufficient criterion for large amplitude
salt finger convection to persist at a two-component
interface. Their analysis based on the vertical momen-
tum equation may be readily extended to include a
third component in the manner of (2.2). An instability
will grow to large amplitude when the condition

Y. Bi(dCy/dz)k; ' >0

is satisfied, where the concentration C, is a horizontal
average through the fingers, and use of (3.1) reduces
this inequality to (3.2).

The behaviour contained in (3.2) is best illustrated
by dividing three-component systems into three
classes. A total density anomaly ratio R, may be defined
for each class. When the two faster-diffusing com-
ponents are stabilizing (AC,, < 0) and the com-
ponent with smallest molecular diffusivity is desta-
bilizing (AC; > 0), the ratio of stabilizing to destabiliz-
ing density steps is R, = |8,AC, + B,AC,|/|B;AC;|.
For this system, inequality (3.2) is shown as the hatched
area of Fig. 1(a), where 1, = x3/k; = 1;/1,. Figure 1
has vertical axes at R, = 1 and a logarithmic vertical
scale so that §,AC,/8,AC, = 1 at the horizontal axis.
Note that the limiting condition for salt fingers
asymptotically approaches the appropriate two-
component criteria, R, <(xy/x;)"*2, at + > on the
vertical axis. No convection is possible when (3.2) is
not satisfied and R, > 1. When R, < 1 the system
must be inverted to keep the top layer less dense than
the bottom layer. However, the criterion for salt fingers
at z = 0 cannot then be satisfied since the two faster-
diffusing components are in the top layer. A “diffusive”
interface, confined by convection above and below,
develops instead.

A second class of interface has the two slower-
diffusing components in the same layer. Then R, =
|B,AC|/|B.AC, + B3AC,;]. Conditions given by (3.2)

" are shown in the hatched area of Fig. 1(b). When AC,

<0 and AC, ;>0, gravitational stability requires R,
> 1 and fingers are possible. The inverted system at R,
< 1 again cannot produce fingers and a “diffusive”
interface forms.
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FIG. 1. Schematic diagrams showing the conditions (hatched) for the appearance of salt fingers at the centre of

an interface. (a) AC, , < 0 and AC; > 0; (b) AC; < 0, and AC, ; > 0. R, is the ratio of stabilizing to

destabilizing density contributions. Axes are ,AC;/,AC; = 1and R, = 1. Values of R, at asymptotes are
marked.
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A third class of interface is that in which the fastest-
and slowest-diffusing components have gradients of
the same sign. Both salt finger convection in a statically
stable density gradient at z = 0 and overstable or
monotonic convection* at z # 0 are now possible.
Defining R, = |B,AC,|/|B,AC, + B3AC,|and R, =
R ', (3.2) implies that fingers will form in the hatched
areas of Fig. 2. Salt fingers may this time occur in the
inverted system (R, > 1) and conditions satisfying
(3.2) are bounded by conditions which produce
~diffusive” interfaces and layered convection. It is this
third class of system, in which two types of instability
“complete”, that is most interesting. In particular, it
may be seen from Fig. 2 that a relatively small

* Instability at the edge of a “diffusive” interface need not
be oscillatory. The density gradient may become positive and
allow monotonic motions.

concentration of component { or 3 could determine
the nature of a density interface.

Formation of fingers at the centre of an interface has
been considered ; however, the diffusion profiles (3.1)
may become unstable at some z # 0 while gradients at
z = 0 remain stable. Alternatively, salt fingers pre-
dicted by (3.2) might not form due to the modification
of gradients at the interface centre by the earlier
occurrence of either overstable or direct motions at z
# 0. The latter possibility has a time and space
dependence so that the general case will not be
investigated. To consider the occurrence of a salt finger
instability away from the interface centre, (3.2) is
extended to arbitrary z. Then instability requires § >
0, where

S=(rt) 'Y BACK > exp(—z%/4Kt).
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F1G. 2. Conditions (hatched) for formation of fingers when AC, and AC, are of the same sign. The ratio R, >

1 and AC, > 0 to the right of the axis, while R, = R, ' > 1 and AC, > 0 to the left. Inequality (3.3) is

satisfied below the broken line for R, > 1 and above it for R, > 1; the dotted area suggests the type of
conditions which allow salt fingers to occur at z # 0.
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Fingers will first occur at a position given by the
maximum in S(z)|, and such a maximum will occur at z

= 0 whenever the inequality

BACK 52> 0

M

(3.3)

i=1

is satisfied. There is a minimum of S at z = 0 when (3.3)
is not satisfied so that salt fingers will form at some z #
0 first, if they form at all. Assuming that (3.3) gives a
global maximum in § at z = 0, we may conclude that
no fingers are possible if (3.3), but not (3.2), is satisfied.
If neither is satisfied, then we do not know whether
fingers may form at z # 0.

Both inequalities (3.2) and (3.3) hold in the shaded
areas of Fig. 1, and there is no disturbance to these
systems by other instabilities. Such is not the case when
the fastest- and slowest-diffusing components contrib-
ute density gradients of the same sign (Fig. 2). Then
the criterion (3.2) is satisfied in the hatched areas while
(3.3) is satisfied above the broken curve for R, > 1
(AC, 3 >0) and below it for R, > 1(AC, 4 <0).
When R, > 1 the limiting conditions for salt fingers at
the interface centre are bounded by a wide region
(below 3.2 but above 3.3) in which no salt fingers can
occur. Instead, a “diffusive” interface develops. There
may also be a complication if (3.2) is satisfied: salt
fingers which are predicted to form at z = 0 may be
prevented from doing so by a double-diffusive in-
stability between componernts ‘1" and ‘2’ at z # 0, since
these components are able to diffuse more rapidly,
leaving the component ‘3" gradient behind. Such
processes are likely to be most important when x,, x,
>» k3 and when R, = L.

The opposite effect may occur in the inverted system
(R;,>1) where layer conditions producing “salt finger”
interfaces may be extended by a tendency for the two
faster-diffusing components to form fingers at z # 0.
This possibility too is most important for k,,x, >» k.
The dotted area of Fig. 2 shows the conditions for
which fingers form first at z # 0O if they occur at all. We
know that they do form when (3.2) is satisfied, but the
limit to such conditions when (3.2) is not satisfied
cannot be found for the general case. This limit will
occur when AC,;/AC, is sufficiently large that com-
ponent ‘2’ causes a local density inversion and sub-
sequent convection before salt fingers are able to form
in the gradients of components ‘1’ and ‘2".

4. EXPERIMENTAL OBSERVATIONS OF
THREE-COMPONENT INTERFACES

Laboratory observations of the third class of in-
terface using aqueous solutions of three solutes (KClI,
NaCl and sucrose) are compared with the criterion
(3.2) in Fig. 3(a) for R, > 1 and in Fig. 3(b) for the
inverted system R, > 1. All experiments were con-
ducted with solutions at a temperature of 20.0 + 0.5°C
for at least the first 30 min after forming the interface.
In all but two experiments the layers were of equal
depth in a tank with cross-section 5 x 1Scm. A layer
depth, D, of 12 cm ensured that D » (4xt)* 2 for a
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diffusion coefficient, k,0f 10~ % cm? s~ and a time, 1, of
60 min. Timing started from the moment at which
pouring of the top layer onto a permeable float began.
Solutions were prepared beforehand to the required
concentrations, always 0.5-1.5 M for NaCl and in the
ranges [1LOM KCI + 107° M sucrose] to [0.02M
KCl + 0.2 M sucrose]. A density bottle was used to
determine the density of each solution.

The remaining two experiments used a tank of cross-
section 5 x 40cm in which a stably stratified, 40 cm
deep layer of one solution was established by filling the
tank using the two-bucket method [2]. Into this
gradient an intrusion of the second solution at its
equilibrium depth was produced from a line source so
that the upper and lower interfaces (see [7]) could be
observed. Density anomaly ratios of R, R, < 1.005
were obtained and the four results are shown as
triangles in Fig. 3.

Each experiment was classified according to
whether salt-fingers or sharp density gradients ap-
peared on a shadowgraph. Near marginal conditions
some interfaces were not distinctly of one type or the
other (crossed points) and salt fingers were visible over
only a small fraction of the tank width. Although the
recorded character of the interface was that de-
termined near ¢ = 60 min, many were observed for a
much longer time and their character did not alter
significantly. The approximation of the RHS of (3.2) to
zero was valid for the interfaces observed.

All available data for the diffusion coefficients
[8-14] were used to find values at 20°C and at
concentrations equal to the mean concentrations of
the relevant component across an interface. Due to the
concentration ranges involved, the theoretical curves
shown in Fig. 3 were calculated from (3.2) in two
sections meeting each other at §;AC;/8,AC, ~ 1. The
values used for the diffusivities are those in Table 1.

The observations recorded in Fig. 3 appear to be
well described by (3.2), as might be expected for
diffusivities of the same order of magnitude. There are
small discrepancies only for R, ~ 1, where an extension
of salt-fingering activity in one system (Fig. 3b) and a
roughly similar decrease in the inverted system (Fig.
3a) probably indicates interaction of the two fastest
diffusing components at z # 0 after leaving the
stabilizing sucrose gradient closer to z = 0. However,
the concentration ratio B,AC,/8,AC, ~ 107! is still
sufficient to alter the nature of the interface formed
near R, = 1.

Some interfaces through which properties appeared
to be transported by both salt fingers and direct
molecular diffusion were observed in the experiments.
When a solution of KCl and sucrose was placed above
a NaClsolution such that R, 2 4.5and 8,AC,/B,AC,
~ 10, interfaces which appeared to be of the “diffusive”

. type formed but 30 min later exhibited a thin layer of

salt fingers near their centre. That is, a 1-2 ¢cm layer,
predominantly with a smooth density gradient and no
convection, separated two deep convecting layers
while a thin layer (0.2 cm) of faint vertical striations
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FiG. 3. Experimental observations on the configuration of Fig. 2 using components 1: KCl; 2: NaCl and 3:

sucrose. (a) NaCl above sucrose and KCl; (b) KCl and sucrose above NaCl. Error bars shown for the solid

curve (3.2) and its asymptotes result from uncertainties shown in Table 1. The broken curve is given by (3.3).

@, salt fingers visible all along interface; @, two layers of salt fingers; &, fingers seen but not all along
interface; O, convection but no fingers visible; A, A, intrusion experiments.
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Table 1. Values of diffusion coefficients for the aqueous experimental
system. Component 1 : KCl;component 2: NaCl; component 3 : sucrose

Mean concentration Diffusivity
Component (M/1) (107 m?s™ 1Y)
1 0 1.67 + 0.02
AC
—251 2 0.5 1.30 + 0.05
AC,
3 0.1 0.44 + 0.02
1 0.5 1.58 + 0.02
AC
<1 2 0.5 1.30 + 0.05
AC,
3 0 0.45 + 0.02

appeared near z = 0. Although fingers were visible
along no more than 509, of the interface, the diffusive
core, once established, is concluded to have become
unstable. The small density variations within the
fingers and resulting low contrast on the shadowgraph
screen prohibited close study of the time dependence
involved but suggest that, at least in these experiments,
such salt fingers do not make an important contri-
bution to the fluxes. Interfaces consisting of two layers
of salt-fingers were also observed. The two layers of
vertical striations were separated from a non-
convecting core by sharp density gradients and boun-
ded on the outside by the upper and lower convecting
layers. Such interfaces occurred at R, ~ 1 and
B3sAC,/BAC, ~ 0.1 when the NaCl solution was
placed above the solution of KCl and sucrose, and are
those observations identified by half-fitled circles on
Fig. 3b. The behaviour was due to the formation of
fingers at z # 0 and to the existence of a large sucrose
gradient, which the fingers could not pass, near z = 0.
Both the diffusive core and the fingers grew in
thickness as the layer properties ran down.

Some experiments using heat, sucrose and suspen-
ded bentonite illustrate the importance, to systems in
which k| > Kk, » K3, of the prevention of salt fingers by
the “diffusive” instability. Here, 7, ~ 1072 and 7, «
10~ 2. When, for example, a layer of bentonite suspen-
sion was placed over a hot sucrose solution such that
R, ~ 6 and B;AC,/B,AC, ~ 06, a vigorous
“diffusive” interface developed. Although these con-
ditions satisfy (3.2) fingers at z = 0 were too slow to
form before the concentration profiles were altered by
thermal convection. However, théy did appear in
the diffusive core after allowing the layer properties to
run down for many hours. Conversely, when a layer of
hot sucrose was placed over a (dilute) bentonite
suspension such that R, ~ 2 and B;AC,/B,AC, ~
0.15, ‘sugar-fingers’ were vigorous but (3.2) was not
satisfied. Fingers formed first at z # 0 but the clay did
not prevent their formation at the centre of the
interface.

5. CONCLUSIONS
The limiting condition for the formation of salt
fingers at an initially sharp density step in a three
component system implies that relatively small con-

centrations of properties with very small molecular
diffusion coefficients can have an important influence
in determining whether a “salt finger” or a “diffusive”
interface develops. Such considerations are relevant to
the bottom boundary layer of the ocean and to tidal
and estuarine areas where there are often measured
gradients of temperature, salinity and suspended par-
ticulate matter. The use of dyes in laboratory experi-
ments on double-diffusive convection can also be
examined.

An interesting case is that in which two of the
properties tend to produce sait fingers while two of the
components tend to produce a “diffusive” interface.
Experiments show that the predicted limiting con-
dition for salt fingers does not hold in this case if «,, x,
>» k3. Indeed, even comparable concentrations of a
property with very low diffusivity may have no
influence at all upon the final nature of the interface.
On the other hand, interesting combinations of salt
fingers and direct molecular diffusion in the vertical
have been observed within some interfaces.

Finally, many “salt finger” interfaces cannot be
steady. Fingers may only exist in linear gradients of
two properties when the ratio of gradients satisfies
T,/S, < (k¢/ky)~'. Extending this to three com-
ponents implies that a finger interface between mixed
layers can only be steady when

Z BACHk,"! <0,

a more restrictive criterion than that allowing the
appearance of salt fingers. At the remaining conditions
only intermittent growth and sweeping away of fingers
is possible.
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NOTE SUR LA FORMATION D'INTERFACES EN “DOIGT DE SEL”
ET “DIFFUSIFS” DANS DES SYSTEMES A TROIS COMPOSANTES

Résumé—Les interfaces minces de densité déterminent les flux de chaleur ou de soluté par convection

doublement diffusive. Les transports sont menés soit par la convection en “doigt de sel”, soir par la diffusion

moléculaire. On étudie ici Finfluence d’une troisiéme propriété diffusante sur le type d’interface formé a une

discontinuité initiale de densité. Il peut y avoir une forte dépendance vis-a-vis des diffusivités moléculaires et
on observe que quelques interfaces ont une structure compliquée.

UBER DIE BILDUNG VON “SALZFINGERN”-UND DIFFUSIONS-
GRENZFLACHEN IN DREI-KOMPONENTEN-SYSTEMEN

Zusammenfassung—Diinne Dichte-Grenzschichten bestimmen den Wirme- oder Stoffstrom infolge

Konvektion, die durch zweifache Diffusion bedingt ist. Der Transport wird entweder durch ‘Salzfinger’-

Konvektion oder durch molekulare Diffusion bewirkt. Hier wird der EinfluB einer dritten diffundierenden

GroBe auf den Grenzflichentyp untersucht, der sich bei einer Anfangsdiskontinuitit der Dichte ausbildet. Es

besteht eine starke Abhingigkeit von der molekularen Diffusion, bei einigen Grenzschichten wurden
komplizierte Strukturen beobachtet.

OTHOCHUTEJILHO OBPA30BAHHSA «COJIEBOIO MAJIbLIA» U «1HPDYIUOHHBIX»
TTOBEPXHOCTEN PA3JIEJIA B TPEXKOMIIOHEHTHBIX CUCTEMAX

AnHoTaums — TOHKHE NOBEPXHOCTH pa3jiena NJIOTHOCTH ONPEACHNIOT MOTOKH TENAa H PacTBOPEHHOTO
BEILIECTBA NOCPEACTBOM ABOiHON Anddy3noHno# konsexuun. [NepeHoc npH 3TOM NPOHCXOAUT WM 3a
CYE€T KOHBEKLHH THMA «COJNEBOro nanbua», n1#b6o nocpeacTsoM MosekynspHoid aubdysuu. B pabore
HccienyeTcs BJMSIHHE TpeTbero nuddy3HoHHOro cCBOWCTBA Ha THI ROBEPXHOCTH pasaena, obpa3y-
I0LlIEHCS B MECTE NEPBOHAYANLHOTO pa3phiBa NNOTHOCTH. OTMEYAETCR CHILHOE BAMSHHE MOJIEKYJIS PHBIX
k03dpuunenToB AHPPYIHH H CIIOKHOCTb CTPYKTYPBI 0Opa3ylOUIHXCA NOBEPXHOCTEH pa3aena.



